PARALLELOGRAMS AND TRIANGLES

In a parallelogram
(i) Opposite sides are congruent.
(i)  Opposite angles are congruent.
(iii) The diagonals bisect each other.
Griven
In a quadrilateral ABCD,
ABIIDC,BCIIAD and the diagonals AC, BD

meet each other at point Q.

(i)  AB=DC. AD= BC

(ii) ZADC= LZABC, ZBAD = /BCD
(iii) OA=OC.OB= 0D

Construction

A

In the figure as shown, we label the angles as £1, £2, /3, Z4, Z5 and Z6.

Proof

Statements Reasons

(1) In AABD & ACDB

Ladz=L] Alternate angles

BD = BD Common

22=23 Alternate angles

AABD = ACDB AS A.=ASA.
So, AB= DC. AD= BC (corresponding sides of congruent triangles)
and LA=/C (corresponding angles of congruent triangles)
(it) Since

Llilz=z4 ... (a) Proved
and L2=73 .. (b) Proved
mZl + m£2 = ms4 + m£3 From (a) and (b)
or mZADC = mZABC
or LADC = ZABC




and ZBAD=/4ZBCD Proved in (1)
(iii) In ABOC > ADOA |
BC= AD Proved in (i)
S P Vertical angles
L3=L2 Proved
2 ABOC = ADOA AAS=AAS
Hence OC= OA, OB= OD Corresponding  sides of  congruent
triangles)
Corollary D >

Each diagonal of a parallelogram
bisects it into two congruent triangles.
Example

The bisectors of two angles on the
same side of a parallelogram cut each other
at right angles.

. ’

A parallelogram ABCD, in which

AB I DC, ADII BC

The bisectors of ZA and ZB cut each other at E.

To prove

mZE = 90°
Construction

Name the angles £1 and Z2 as shown in the figure.

A4

Prool

Statements Reasons
Ll +mZ2 (
e . m/1=~mZBAD,
~ ~ (m/BAD+mZABC) < 2
2 m£2=—mABC
1 k 2
=—(180° ) s
2 e Int.angles on the samesideof AB

~90° Which cuts|| segments AD and BC
. 1&1‘6 supplementary.

Hence in AABE, mZE = 90° mZ1+mZ2=90° (proved)




EXERCISE 11.1

(1) One angle of a parallelogram is D ¢
130°. Find the measures of its
remaining angles.
Given:
ABCD is a parallelogram that 130°
mZA = 130° N
A B

To Prove:
(Required) To {ind the measures of ZB, £C, £D

Statements Reasons
msC =  m<A - Opposite angles of I_)arallelogram.ﬂ
msC = 130° : Given, mZA = 130°
m£LB + mZA = 180° ADHBC and AB is transversal.

-~ sum of interior angles.
m<£B + 130° = 180° Given mZA = 130°
mZB = 180° —130°
mZB = 50°
msD = m<£B Opp. angles
msD = 50° As mZB = 50°
m£B = 50°, m£LC = 130°, |
msD = 50°

(2) One exterior angle formed on producing D 7

one side of a parallelogram is 40°, Find
the measures of its interior angles.

ABCD is a parallelogram, side AB has been
produced to p to form exterior angle mZCBP =40° A
and name the interior angles as Z1, £C, ZD, ZA.

juired:
’ To find the degree measures of £1, ZLC, 2D, ZA

. . Statements B B - ReaSOHS
m«£1 + mZCBP = 180° Supp.angles. '
msLt +40° = 18¢° mZCBP = 40° given

[ S S




m£l = 180° — 40°
mZl = 140° (i)
mzZD s mZ1 Opp.angles of [Im
m«D = 140°..GI) | From (i)
mLA +mLl = 180° AD |1 BC and AB is transversal.
(Interior angles)

mZA +140° = 180° From (i)
mZA = 180° — 140°
mZA = 40% s (ii1)
mZC = mZLA Opp. angles
mZC = 40° From (iii)

Thus mZzZ1 = 140°, mzC = 40°

Theorem _
If two opposite sides of a In a quadrilateral ABCD,

quadrilateral are congruent and parallel, it
is a parallelogram.

AB = DCand ABII DC

; <1 5 & ABCD is a parallelogram.
7 g Construction’
S Join the point B to D and in the
\\ figure, name the angles as indicated:
3 /1,22, £3and £ 4
5 C\.
s B
Statements - Reasons - |
In  AABD & ACDB
AB = DC Given
L2 =/1 Alternate angles
BD = BD Common
AABD = ACDB S.A.S. postulate
Now Z4 =/3 () (corresponding angles of congruent triangjes)
ADII BC ... (i) Exem ()




|and  AD =BC .....(iii)
| Also ABHDC 509
1 Hence ABCD is a parallelogram

Corresponding sides of congruent As

Given
From (i) - (iv)

EXERCISE 11.2

(1) Prove that a quadrilateral is a parallelogram if its

(a)  Opposite angles are congruent. B

_ {(b) Diagonals bisect each other.
Given ABCD is a quadrilateral.

mLA =mZC, >
msLB =m«LD
ABCDisa parallelogram.
A
Statements Reasons
mZLA=mLC (i) Given
mZB=m«£D (i) Given
Now -
mZA +mZ B + mZC + mZD = 360° Angles of a quad.
mZA + mZ B + mZA + mZB = 360° From (i), (i)
mZA + mZA + mZB + mZB = 360° Rearranging
2mZA + 2m4 B = 360°
(mZA + mZ B) =360° /2 = 180° Dividing by 2

AD 1 BC
Similarly it can be
Proved that AB ! |CD
Hence ABCD is a parallelogram.

As mZA + mZB = 180°
(sum of interior angles)

(2) prove that a quadrilateral is a parallelogram if its opposite sides are congruent.

In quadrilateral
ABCD, AB =DC,

ABCDisall gm
AB IiCD, ADIIBC
| Construction

Join point B to D and name the angles £1. /2. /3and / 4



Statements Reasons
A ABD & ACDB
AD =CB Given
AB =CD Given
BD =BD Common
. AABD=ACDB SRFERES
So Z2=/1 @) Corresponding angles of Congruent triangles
£4=43 (i1) Alternate angles
Hence ABICD (iii) Z2 and £1 are congruent
Similarly BCHAD (V) Alternate angles £3, Z4 congruent
ABCD is a parallelogram. From iii, iv

I heorem

The line segment, joining the
mid-points of two sides of a triangle,
is parallel to the third side and is

equal to one half if its length.

In AABC, the mid-

points of AB and AC are L and M

respectively.

To Prove

LMl BC and mLM % mBC

0

Join M to L and produce ML to N such that ML=LN .Join N to B. and in the figures
name the angles £1, £2, Z3 and £ 4 as shown.

Statements Reasons
In ABLN ¢» AALM
BL = AL, Given
Ll = 22 Vertical angles
NL = ML | Construction




ABLN = AALM S.A.S. postulate i
LA=43 (i)

{corresponding angles of congruent triangles) |

and NB= AM (i)

{corresponding sides of congruent triangles)

But  NBIl AM o
e o From (i), alternate Zs

Thus. NBI MC s liIE) .
e e (M is a point of AC)
MC= AM e..(1V)
R _ Given
NBz= MC eV}

{from (ii} and (iv)}

BCMN is a paralielogram

{Opposite  sides of a parallelogram
BC=NM ... (vi) BCMN)
e e (Opposite sides of paralielogram}
mEM =-- mNM e VALY Cotstistion
aosess 1 e
Hence mLMz; m BC {from (vi) and (vii)}

The line segments, joining the mid-points of the sides of a quadrilateral, taken in

)

order, form a parallelogram. D R

A quadrilateral ABCD, in which P is
the mid-point of AB, Q is the mid-point of
BC , R is the mid-point of EB, S is the mid-
point of DA.

P 1s joined to QQ, Q is joined to R. R is

joined to S and S is joined to P.

s a parallelogram.

Join A to C.



Statements Reasons
In ADAC,
SR Il AC S is the mid-point of DA
SR =L mAC R is the mid-point of CD
2
In ABAC,
PQ It AC P is the mid-point of AB
mP_Qz%mE Q is the mid-point of BC
SR Il PQ Each Il AC
s - =
mSR = mPQ Each —EmAC
Thus PQRS is a parallelogram SRl PQ, m SR =m PQ (proved)

EXERCISE 11.3

(1)  Prove that the line-segments joining the mid-points of the opposite sides of a

quadrilateral bisect each other.

5 D R C
(riven
ABCD is a quadrilateral.
P, Q, R, S are the mid-points of Kﬁ, BC,C—D, DA T
respectively. Ol -
P- is joined to R, Q is joined to S. SQ,PR 5 / «
intersect at point “Q” i
To Prove |
OP =OR,0S = 0Q
(MGGl Join P, Q, R, S in order, join A to C. A P B
Statements Reasons
SRIl AC @) In AADC. S, R are mid-points

mSR :%mﬂi (ii)

Of AD,DC.




And PQIAC (iii)

mﬁ=-;—mAC @iv)

EIIEE )

mPQ=mSR (vi)
Similarly PSIQR

mPS= mQR

Hence PQRS is a parallelogram
Now PR 5 8—6 are the diagonals
Of PQRS that intersect at point O.
OP=OR
0S=0Q

In AABC; P, Q are mid-points
of E,E(—Z

from (1), and (ii1)
From (ii) and (1v)

Diagonals of a parallelogram

| Bisect each other.

(2) Prove that the line-segments joining the mid-points of the opposite sides of 3

rectangle are the right-bisectors of each other. D R . C
--
ABCD is a rectangle.
and P, Q R, S are the mld pomts of sides
AB,BC, CD and DA, respectively. . . 3 o
P is joined to R, S to Q These intersect at “O”
| | _ "
0Q =0S,0R = OP and RPLSQ & P :
Statements Reasons
ABII CD opposite sides of rectangle
AP=DR ()
mAB=mCD
L WAB =2mCD
2 2
mAP= mDR (ii)
APRD is rectangle




OR=OP AsmZA =m/D = 90°
Simlrly  0Q=0S
Now Inrectangle APRD
mDA=mRP
%mfﬂ - mRP
mDS=mRO
DSIRO,
Hence SORD is rectangle.
mZSOR = 90°, RP_1SQ.

Prove that the line-segment passing through the mid-point of one side and
i {0 another side of a triangle also bisects the third side. e

1 In AABC, D is mid-point "

418 DEIBC which meets AC at E.

E is mid-point of

D
Tike EFIAB which meets BC at F.
B
- Statements Reasons
Now BDEF is parallelogram DEII BF given, EF){ DB const.
© EFz=DB (1) Opposite sides of parallelogram
EF=AD (ii) Given

’ 1= 2B . { Corresponding angles.
| £2=/4B (i) Corresponding angles.
. azn @) | Form (i)
|Now In AADE & AEFC
|| L=
| L3=/C Form (iv)
| AD=EF Corresponding angles.

| :
|LHence AADE = AEFC i(’;ms(ﬂ) AR




congruent triangles.

\ T}!;_1_3#-36[: FFFFF \ Corresponding sides of |

Fheorem

The medians of a triangle are concurrent
and their point of concurrency is the point of
trisection of each median.

Given
AABC
To Prove |

AABC are
concurrent and the point of concurrency is the

The medians of the

point of trisection of each median.

Construction

h (

o ——

. .
Te— D )(’ - 7
. -
el _‘_-‘—- S \
\

h"'--.._‘__;/./
H

Draw two medians BE and CF of the AABC which intersect cach other at point

Join A to G and produce it to point H such that AG = GH. Join H to the points B and C.

AH Interseets BC at the point D.

Similarly CFll HB i)
BHCG is a parallelogram

and mGD =—;—maﬁ ;...-(iii)

BD =CD

AD is a median of AABC
Medians AD, BE and CF pass through
the point G

LNv:)w GH =AG I §1%)

|

Statements [ Reasoms ]
In AACH ,
GE Il HC, G and E are mid-points of sides AH and |
AC respectively '
or  BEIHC i) G is a point of BE

from (i) and (i1)

(Diagonals BC and GH of a
parallelogram BHCG intersect each other
at point D).

(G is the intersecting point of BE and
CF and AD pass through it.)

Construction
R



i i
: mGD:—Z'—mAG

similarly it can be proved that G is also

I the point of trisection of CF and BE.

and G is the point of trisection of AD —(v)

from (iii) and (iv)

(1) The distances of the point of
concurrency of the medians of a triangle
from its vertices are respectively 1.2cm;
1.4 em and 1.5 cm. Find the lengths of
its medians.

R p C
MUIIR®  Let ABC be a triangle with
center of gravity at G  where
mAG=1.2cm, BG =1.4cm ,mCG=1.5cm

To find the length of AP, BQ,
CR
mAP = %x(mAG)

E><I.2:IL.8c:m
2

i

mBQ = %x(mﬁ)

gx 1.4=2.1cm
2

EXERCISE 11.4

mCR = -gx(mCG)

%x 1.5=2.25¢cm

2) Prove that the point of
concurrency of the medians of a triangle
and the triangle which is made by
_joining the mid-points of its sides is the

same.

In AABC, AQ,BR,CP are its

medians that are concurrent at point G.

APQR is formed by joining mid-points of

AB, BC, CA

Point G is point of concurrency of
triangle PQR.



Statements Reasons

PR H BC P, R are mid-points of ABand AC
= PR[[BQ (1)

RQJ|AB P, Q are mid-points of ABand BC
=  RQ|PB (ii)

PBQR is a parallelogram. :

ﬁﬁ PQ are its diagonals, that bisect each other at T.

T is mid-point PQ, similarly |

S is mid-point of PR and U is mid-point of ﬁ A

If three or more parallel lines make
congruent segments on a transversal, they
also intercept congruent segments on any -
other line that cuts them.

-+ T

4

Given |

ABIICDIIEF

The transversal LX intersects
AB,CDand EF at the points M, N and P
respectively, such that MN=NP. The
transversal QY intersects them at points
R, S and T respectively.
To Prove

RS=ST

From R, draw RUMNLX ,which
meets C_ﬁ at U. From S, draw WII ﬁ

which meets EF at V. as shown in the
figure let the angles be labeled as
Z1, £2, Z3 and. 24

Statemehts |

Reasons
MNUR is a parallelogram RUILX (construction)
ABI CD (given)
MN= RU wswail(l) (opposite sides of a parallelogram)




Similarly,
NP= SV ...(i) ,
-_ Given
But. MRS DNE <=0 fom (@), (i) and Gi))
E Eiv Each is HLX (construction)
Also  RUIISV Corresponding angles
5 Ll =2 Corresponding angles
and L3 =44
In ARUS & ASVT, Proved
RU= SV Proved
1=, Proved
3=
- i S.AA. =S AA.
il ARUS = ASVT y ; 5
g we (corresponding sides of a congruent
Hence RS= ST triangles)
Corollaries . [€¥)] A line, through the mid-point <« k 8 Fa
of one side, paralle] to another side of a triangle, /

bisects the third side.

[BS In AABC, D is the mid-point of AB. /" S
DE! BC which cuts AC atE.

To prove B
AE= EC

Construction
Through A, draw LM i BC.

Proof
Statements Reasons
Intercepts cut by LM, DE, BC on _
AC are congruent. {I_ngtrcept_s cut by parallels LM, DE,
ie., AC= EC BCon AB are congruent (given)

(it) The parallel line from the mid-point of one non-parallel side of a trapezium to the
parallel sides bisects the other non-parallel side.
(iti)  If one side of a triangle 1s divided into congruent segments, the line drawn from the

point of division parallel to the other side will make congruent segments on third side.



Exercise 11.5

— e o+ e

1. In the given figure. AXIIBY ICZIDU IIEV and AB=BC=CD = DEif m MN =1cm then
find the length of LN and LQ < A L

Given / \
Given | «— IB M

In given figure AXIBYHCZIDU IEV ,
ABz= BC = C_D-Eﬁﬁ, mMN = Icm

< L5
v

y

F—-.
Z
1

v

Em
—-"'".-’—.-'..-
B~
4 Lo AN
v

v

<
S E
To find mLN and mLQ <+

Statement Reasons

AXIBYHICZIIDUNEV Given

AB=BC=CD=DE Given

BC=MN 1 I lines through A, B, C, D, E cut LQ in
NP =PQ points L, M, N, P, Q.

I_ﬂ_lj/lﬁ =lcm Given

I.N=2MN

=2(1) = > MN = lem
=2cm

2, Take a line segment of length Sem and : - /?’
divide it into five congruent parts. X

[Hint: Draw an acute angle <BAX. On AX take

APE-PTQEQ_R‘ER'E“S?.

Joint T to B. Draw line parallel to TB
from the points P, Q, R and S.]
Construction: _
(1) Take a line segment AB of 5cm long.
(1) Draw an acute angle ZBAX.

A C D E F B

(i)  Mark 5 points on AX at equal distance starting from point A.
(iv)  Join the last point (mark)T to B. :
v) Draw ﬁ‘,ﬁg, Q—D,ﬁ paraliel to TB these line segments meet AB at F.E,D,C points.



Resultz

AB has been divided into five

equal points
AC= CD=DE=FB
3. Fill in the blanks.
) In a parallelogram opposite sides

are..... (Parallel / Congruent)

(i)  In a parallelogram opposite angles
B oy (Equal / Congruent)

(i)  Diagonals of a parallelogram

each other at a point,
(Intersect)

(iv)  Medians of a triangle are
............. (Concurrent)

(v) Diagonal of a parallelogram

........

(i) mA1
(iv) mZ2
A

i

D

C

5. Find the unknowns in the given figure.

D

C

A Tl

divides the parallelogram into two
----------- triangles. (Congruent) Given: Let ABCD be the given figure with
4. In parallelo_gram ABCD L AB=CD
@) mAB ...=..... mDC —
.. = — BC=AD
Wy mBC...5...Mma0 To Find: m®, n°, x°, y°
Proof:
Statement Reasons
ABCD is a Parallelogram AB=CD
AD=BC
Zn="75% Opposite interior angles

m° + 75° = 180°

m° =180°-75° =105°
x%=m°

x° =105°

x° +y° = 180°
y°=180°-x°
v° = 180° - 105°
yO - 750

supplementary angles

supplementary angles

6. If the given figure ABCD is a
parallelogram, then find x, m.

: ABCD is a parallelogram with
angles as shown To Find x° and m°

b

@

(Sm+10)

1Ix"




L —

Statement

J XU = 50

| (5m+ 10)° + 55° = 8¢

| (S +10)° = 180° -55°

j 5m°+ 10° = 125°
Sm°=125° - 10°

Sm®=115?
me=0r S
7 The given figure LMNP is

parallelogram. Find the value of m, n,

and angles as shown to find- m° and n°
Proots

______ Statement -
dm+n=10... . (1)
8m-4n=§ (i)

Multiplying (i) by 4

16m + 4n = 40 (1ii)

Adding (i) and (iii)
B —4fi =8
16m +45 =40

m=§:2
24
Put in (i)
42)+n=10
8+n=10
n=10-8 = pn=2

Statement
Z LPN+55°= 180°

ZLPN = 125°

Also

Lm= /P

£ m=]125°

The parallelogram I MNP with lengths

—_—

Reasons B
Opposite angles of parallelogram

Int. supplementary angles ‘

a

Reasons
Opposite sides of lgm
Opposite side of || gm

8. In the gquestion 7, sum of the
opposite angles of the parallelogram is
110°, find the remaining angles.

EASY: LMNP is a parallelogram with
angles 55° 55° as shown

To Find: All angles

Interior angles

Opposite angles
. PE1IS°



