LINEAR EQUATIONS AND INEQUALITIES

Define Linear Equations
A linear equation in one unknown
variable x is an equation of the form
ax+ b =0, wherea, be Randa#0.
A solution to a linear equation is
any replacement or substitution for the
variable x that makes the statement true.
Two linear equations are said to be
equivalent if they have exactly the same
solution.
Example

x—-2 25

Solve the equation 3x_
2 3 6

Solution

Multiplying each side of the given
equation by 6

I9x-2(x-2) = 25
= 9x-2x+4 = 25
= Iz = 21
=5 B O= 3
(Check
Substituting x = 3 in original
equation,
332 _ 25
2 3 6
2ol = 25
2 3
25 25
6

ON

Since x = 3 makes the original
latement true, therefore the solution is
orrect,

(Note |

Some fractional equations ma
have no solution. )

Example

Solve

[ Solution_
Multiplying both sides by y — 1,
we get

, y#1
y=1 y=1 ¥

3-2(y-1) = 3y
= 3-2y+2 = 3y
= -Sy = -5
L= y = 1
| Check
Substitutingy = 1 in the
given equation, we have
3, . 0
1-1 1-1
3 3
0 T 0

But % is undefined. So y=l1

cannot be a solution.
Thus the given equation has not
solution.

| Examplel
-1 2x

Solve -—=x, x#1
x—1

Solution
Multiplying each side by 3(x — 1)



(x=1D)(3x—-1)-tx == 3x(x-1)
=3x* —4x+1-6x = 3x% —3x
=5 ~10x+1 = ~3x
= ~Tx = <]
- P |
7
On substituting 1t=— the original

equation is verified a trie statement. That
means the restriction x# 1 hus no eftect on

; 1
the solution because t} k.

- 1 .
Hence our sclution _xf::;;- 18

correct, i
Defife R

When the variable in an equation
occurs under a radical, the equation is
called a radical equation.
Example
Solve the equations

@  2x-3-7=0

(b)  YPx+5=3Bx+5=3x-1
Solution ,
(a) To isolate the radical, we can
rewrite the given equation as

 2%=3 =17
= 2x—=3 =49 ...
= 2x =52 = x=26

Let us substitute x=26 in the
original equation. Then

2(26)-3-7 = 0

52-3 -7 =

i
<o

—

V49 -7 = 0
0 = 0
Hence the solution set is {26},
(b Wehave

Vrs = A

Taking cube of each side

= 3x+8 = x—1,

= 2x=—=06 = x=—3

We substitute x = --3 1n the origind
eqiation. Then

[ +5 =-
! P ! T
e J—4 = Y4
Thus x = =3 satisfies the origina
equation.

Here 3/—4 is a real number becaus:
we raised each side of the equation to an
odd power.

Thus the solution set = {3}

J53-

Solve and check:

x+10 =0

Solution:

When two terms of a radica
equation contain variables in the radicand
we express the equation such that one of
these terms is on each side. S0 we rewrit
the equation tn this form to get

J3x=7 —Jx+10 =0

Squaring each side
Sx-=7 — x+10,

SX—-x=10+7

4x s=1F = =



- Substituting xr:—lg- in original
equation
J5x—T-Jx+10 = 0
R
YV \ 4 4
57 57
BE e 70 o 0
4 4
0 = 0

: 17 . )
Le., x=--‘I makes the given equation

true statement.

Thus solution set = {%7}

3770

Multiplying both sides by 6

Sel:
sl 2 1
Ab’(———x —5)(5(—-—;{}:6 x)+§
(55 =ot (
4x~3x=0x+1
x=6x+1
~1=06x-x

—i=5x

a

1

¥

J

Jx+T +fx+2=J6x+13
Squaring both sides we get
x+T+x+2+2J(x+7)(x+2)=6x+13

= 2x*+9x+14 = 4x+4
= m = 2x+2
Squaring again

X +9x+14 = 4x> +8x+4
=  3xt-x-10 = 0
=  3x’-6x+5x-10 = 0
=  3x(x=2)+5(x-2) = 0
e (x—2)(3x+5) == 0
= x =2 _—;

On checking, we see that x=2
; , =5
satisfies the equation, but xﬁ—-éw does not

satisfy the equation. So solution set is {2}

and x=-— is

3

an extrangous oot

Check:

6 1. . .
Substituting x = 3 in the given equation

5 1) 1( 1} 11
T —m | =m=——t
3\ 5) 2% 5 5 6



—4+3 —6+5

30 30
1 1 .
—— =-—— which is true
30 30
; j i
Hence solution set = < ——
L s/
w L F2
3 2

Multiplying both sides by 6

GIRSIES

2x—fB=3x+ 8 =—6

—x=-6

[x=6]
Check: :

Substituting x =6 in the given equation
6-3 6- 2 _

3 2

3 4_ 4

¥ 2

1-2=-1

-1=-1 which is true, so solution

set = {6}
iii) —1— [x — 1] +
; 2 6

Multiplying both sides by 12

{3 (i} (2 wo( o

6x—1+8=10+2-12x

6x+7=12-12x
6x+12x=12-7
18x=S5

5
xX=—

18

Check:

Substituting x = % in the given equation

15 1) 25 1[1 5)
—] =—=}l+_= — ——ZXG
2018 6/ 3 6 3.2 1%
1f3=3).2_5 1(3_—_5,

20 18 3 6 3L 06

1{ 2 2 5 2

— — | —=———

2\18) 3 6 18
1+12_15_~—_%

18 18

_IE—E which is true, so

18 18

Solution set = {—1

(iv) x+-;~:2(x——}—6x

Multiplying both sides by 3

N

3x+z><% :3(23:)—3[;—J—3(6x)

3x+1=6x—-4-18x
3x+1==12x—-4
15x=-5

15

Check:

_ . . :
Substituting x = —— in the given equation



0=2[—%)+2

0=-2+2
0=0 which is true, so

Y

Solution set = \[ _l}
[ 3

v} S(L?i)n—le—i
6
Multiplying both sides by 18
SO o +8( ]
B g
15(x~3)~18x=18-2x
15x—45—-18x=18-2x
15x—18x+2x=18+45
~x =63
= x=-63
Check:
Substituting x =—63 in the given equation
5(-63- 3) (—63)
6 C

11
(% j o
5N A4y

4 g
-55+63=1+7
8=8 which is true, so

Solution set = {~63}

—(-63)=1

vi) * oy, P
3x—-6 x—2
X 2x

-
3(x—2) x—2
Multiplying both sides by 3(x~2)
X 2x
e % R, (T ey v
B(x )X,Z(x—Z] x3(x—2) x_2>< (x—2)
x=6x-12—-6x

{X =-—12!

Check:

Substituting x=—12 in the given equation
- 2(—12
1 5 (-12)

3(-12)-6 =122

~12 . (-24)

36-6 =~ -t

~12 12

<42 77

2 _14-12

7 1

?_ == & which is true, so

7 7

Solution Set = {12}

L o I
2x+5 3 4x+10

2% o B 3

2x+5 3 2(2x+ﬂ
Multlplymg both sides by 6(2x+5)

(zxqf?) ------ x,d (2x+5)- X6 (2x¥5)

,?mg Z
12x=8x+20-15
12x—8x=35

4x=5
4x=5
5
4

Eo=

X=
Check:
Substituting x =—i~ in the given equation

3]

i)

5

A 7)o

2.
3



2 f
5+10 3 48
K21
» 3 3
1 1 5
—=— which is true, so
3 3
Sclution set {E}
4
- 2x 1 5 2
vili) 4= — x#1l
x—=1 3 6 x-1

Multiplying both sides by 6( x~-1)

6_Mx}2j1,+ 6 (x~1)x

z
=,ﬁ/(x-1)><—;~+6(}«4)x 2

12X+ 2x—2=55—5+12
12x+2x-5x=2-5+12
O9%x=9 :

9
x==
9

x=1
Check:
Substituting x =1 in the given equator

As %_is' undefined, so x=1 cannot be a

solution thus the given equation has no
squtlon

: ——— = ; x# %1
X =1 x+1 =x+1

2 - 1 __l_
(x+1)(x—1) x+1  x+1

Multiplying both sides by (x+ 1)(x-1)

2
WXFH

M(x 1)x M=;Z M(x*l)

2—x+1=x-1
2+1+1=x+x

2x=4
4
X=~
2
N=72
Check:
Substituting x =2 in the given equation
2 .
(2)°-1 2+1 2+1
2 1_1
4-1 3 3
2_1_1
33 3
1 1 g i &
—=~— which is true, so
3 3

Solution Set = {2}

2 1

3x+6 6 2x+4
2 1

3(x+2) 6 2(x+2)

Muitiplying both sides by 6(x+ 2)

B L
1 S
Fx;{(x+2)~2Mx B (x47)

4=x+2-3

X)

S i




4=x-1
4+1=x
=3
Check:
Substituting x =35 in the given equation
2 1 1
3(5)+6 6 2(5)+4
2 1 1
1516 6 10+4
2 1 1
21 6 14
2 _T=3
21 42
2 4
21 42
P 2 which is true, so
21 21

Solution Set = {5}

Q2. Solve each guestion and check
for extrancous selution, if any.

i) Jx+4=2

Squaring both sides
(Jéx+4)2=(2f

3x+4=4
3x=4-4

Check:
Substituting x =0 in the given equation

JO+4=2
Ja=2
2 =2 which is trie, 80
Solution Set = {0}
iy  Y2x-4-2=0
Pox-4=2

Taking cube of both sides

(¥za) =)

2x—-4=8

2x=8+4

Dx= 12

[x=8]
Check:

Putting x =6 in the given equation.

l\alfzx ,_4 .. 2 = 0

2-2
0=0 which is true, 8O
Solution Set = {6}

iy Vvx—-3-7=0

or vx—3=7
Squaring both sides
(Jx-3) =(7)
x—3=49

x=49+3
x=32



Check:

Putting x=52 in the given equation
x=3-7=0
52-3-7=0

V49 -7=0
7-7=0

0=0 which true, so
Solution Set = {52}

iv) 2Vt+4 =5
Vt+4 = g—
Squaring both sides

L -(3)

Check:

Putting ¢ = % in the given equation.

A7)
5=5
Solution Set = {%}

V) Px+3=Yx-2
Taking cube of both sides
(\/3 2):-5»3)3 =(3 X~ 2)3
2x+3=x~2
2x—x=-2-3

Check: -

Putting x=-5 in the given equation.
Y2x+3=Yx—2
Y2(-5)+3=Y-5-2
053 =45
¥=7 = =7 which is true, so

Solution Set = {-5}

vi)  2-r=¥2-28

Taking cube of both sides

(¥2=1) =(3 21-28)
2-t=21-28
24+28=2¢t+¢

3t~30

z(

=10

Check:
Putting #=3 in the given equation

2—f=32r-28
2-10=32x10-28

which is true, so

A ¥

=l

W



Y-8=320-28
Y-8 =Y-8 which s true, so
Solution Set = {10}
vii) V2t+6-2t=5=00r
J2r+6 =2t -5
Squaring both sides
(Vo) =)
2t+6=2t-5

2% -2 +6=-5
6 = -5 which is not possible, so
Solution Set = { }

x+1
2x+5
Squaring both sides

2
x+1 N
x+5
x+1 .
2x+5
x+1 =4(2x+5)

x+1=8x+20
1-20=8x—x

viii) =72, x;t—~§
2

The absolute value of a real
number ‘a’ denoted by lal, is defined as

l - {a, ifaZO}

-a, if a<0
e.g., 6l=6, I0l=0and }-6l = —(-6) =6
Some properties of Absolute
Value
If a, b € R, then
i la=0 |

-19=7x

19

= xX=——
-

Check:

; 19 . A ;
Putting x = = in the given equation

Ja=2

2=2 which is true, so
Solution Set = {:—;2}

Gi)  l-al=lal
i) labl = lal. bl

al lal
i —|=—, b #0
™

Example

Solve and check, [2x + 3/ =11

By definition, depending on
whether (2x + 3) is positive or negative
the given equation is equivalent to



+(2x+3) =1lor -(2x+3)=11
In practice, these two equations are
usually written as

2x+3 = +11or 2x+3 = -1
2% =8 or 2x = -14
4 or X = -7

Substituting x = 4, in the original
cquation, we get

12¢4) + 3 = 11
1.2, ii = 11, true
Now substituting x = =7, we have
2(-7y + 3l = 11
-1 = i1
1" = 11, true

Hence x = 4, —7 are the solutions to
the given equation.
Or Solution set = {7, 4}

Solve 18x — 3| = 14x + 5
‘Solution
Since two pumbers having the

same absolute value are either equal or
differ in sign, therefore, the given equation
is equivalent to

8x -3 =4x+5or 8x—3 =—(4x+35)

8x —3 = 4x+5 or 8x—3=—4x-5

8x —4x=5+3 or 8x+4x=-5+3

4x =8 or 12x = -2

X =2 ot x = ~14/6
On checking we find that

x=2,x:—?l both satisfy the original
equation.
Hence the solution set { —%,’Z} .

Sometimes it may happen that the
solution(s) obtained do not satisty the
original equation. Such solation(s) (called
extrancous) must be rejected. Therefore, it
is always advisable to check the solutions
in the original equation.

Solve and check 13x + 10l = 5x + 6
Sohition

The given equation js equivalent to

+(2x+10) = Sx+6
ie., 3x+10=5x+6 or 3x+10 = —(5x+6)

3x+10 =5x+6 or 3x+10 = —5x-6
3x—5x = 6-10 or 3x+5x =-6-10
-2x =—-4 or 8x =-16

X = 2 or x -2

On checking in the original
equation we see that x = -2 does not
satisfy it.

Hence the only solution is x = 2.



